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background

 There are no algorithm for exactly computing 
spectral decomposition (as far as we know).

 You use resolvent (= (λE − A)−1
) directly.

→ The cost of computing inverse matrix
is high.

We propose another method which is
free from computing inverse matrix.
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spectral decomposition of matrix

A : n×n square matrix ,  E : identity matrix
π (λ) : minimal polynomial
α j ( j = 1, 2, …, t | t ≤ n) : eigenvalues
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spectral decomposition of matrix

P(αj) : coefficient matrix of 
the pole of order 1 at αj

D(αj) : coefficient matrix of
the pole of order 2 at αj
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residue of resolvent

define polynomial q(x, y) by
π (x) − π (y) = q(x, y)(x − y)

substitute A for x and λE for  y
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Moreover, we set ψ (A, λ) = q(A, λE) .

This is free from inverse matrix.

residue of resolvent
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We consider only the pole of order 1.     P(αj)
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minimal polynomial : square free

singularity
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minimal polynomial : square free

To compute fast …

Theorem.
If a matrix A is diagonalizable then the 
projection matrix P(λ) has the following 
representation :

P(λ) = b(λ) ψ (A, λ) = b(A) ψ (A, λ) .

We compute by using this theorem.
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We can compute for each factor.

example : focus on p1(λ) .

minimal polynomial : square free
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minimal polynomial : square free
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minimal polynomial : square free
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minimal polynomial : not square free

compute Laurent expansion of resolvent 
at λ = αj (lj : multiplicity)

We consider the poles of order 1 and 2 .
P(αj), D(αj)
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minimal polynomial : not square free

preparation

We set p(α) = 0 , p (λ) = (λ − α) g (λ) .
differentiate both terms at λ

repeat differentiation
p(m)(α) = mg(m−1)(α)
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minimal polynomial : not square free

π (λ) = p(λ)l :
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minimal polynomial : not square free

calculating cl−2, cl−1

We can express
spectral decomposition.
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the pole of order 2 the pole of order 1
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minimal polynomial : not square free

example : multiplicity l = 2 c0, c1

preparation
p(m)(α) = mg(m−1)(α)
 b(α)=
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minimal polynomial : not square free

substitute α for λ in (#)

differentiate both terms of (#) at λ
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minimal polynomial : not square free

substitute α for λ in (##)

These are common expressions for eigenvalue α. 
So we replace eigenvalue α with variable λ.
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minimal polynomial : not square free

Because of p(α) = 0 , we set

c0(A, λ) : coefficient matrix of the pole of 
order 2 at αj D(λ)

c1(A, λ) : coefficient matrix of the pole of 
order 1 at αj P(λ)
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minimal polynomial : not square free

We can compute for each factor, too.

example : focus on p1(λ) .
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minimal polynomial : not square free
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minimal polynomial : not square free

We consider Laurent expansion of
the first term of right side at λ = α.
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We set p1(λ) = (λ − α) g1(λ) .

And we consider Taylor expansion of r1(λ) .
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minimal polynomial : not square free

+−′′′+−′′+−′+= 3
1

2
1111 ))((

!3
1))((

!2
1))(()()( αλααλααλααλ rrrrr

)(~)(
),(~

)(
1

)(~
),(~

)(
1

11

1

1

1

1
111 λλ

λψ
αλλ

λψ
λ hg

x
h

x
p lll ⋅

−
=⋅

r1(λ)

the pole of order 2 the pole of order 1



December 09 25

minimal polynomial : not square free

Because of p1(α) = 0, 
it consists of                                       .
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Spectral decompositions at λ = αki are
as follows.

P(αki) , D(αki) satisfy as follows.
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example

,6622)(,
100
010
001

,
321
333
454

23 ++−=















=

















−−
−

−−
= λλλλfEA

For

















−
−
−

+
















−−
−

−−
+
















=

+−=

3139
24166
27715

121
313
456

100
010
001

),(

)2023032(
60134

1)(

2

2

λλλψ

λλλ

A

b

compute spectral decomposition.



December 09 28

example
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If you substitute α, β, γ  for λ ,
you get the spectral decomposition.
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example

denominator coefficient matrix of λ2

coefficient matrix of λ

coefficient matrix of constant
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assignment

We are trying to make an algorithm to 
compute efficiently minimal polynomial.
We want to combine it with spectral 

decomposition algorithms.
We compute a column of spectral 

decomposition and parallel computation.
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Thank you for your attention.
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