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background

There are no algorithm for exactly computing
spectral decomposition (as far as we know).

You use resolvent (= (1E — A)_l) directly.
— The cost of computing inverse matrix
IS high.

We propose another method which is
free from computing inverse matrix.



spectral decomposition of matrix

A : nXnsqguare matrix , E :identity matrix
7 (A) : minimal polynomial
a;i(]=1,2,..,t]t<n):eigenvalues

-

> Pa))=E .
= spectral decomposition

i(ajp(aj)+ D(Olj))z A Of matI’IX

j=1

N

.
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spectral decomposition of matrix

P(¢) : coefficient matrix of

the pole of order 1 at ¢
D(¢) : coefficient matrix of

the pole of order 2 at ¢
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residue of resolvent

define polynomial q(x, y) by

7 (X) — 7z (y) =a(X y)(X-Y)
substitute A for x and AE for y

l w(AHE |

7 (A)

7(AE)

7(A)E

(AE — A)™

— q(A, AE)(A— AE)

— q(A, AE)(IE — A)

1

=——04(A AE)

(A



residue of resolvent

Moreover we set (A, 1) = g(A, AE) .

(/IE A)—l _ (A, ﬁ,)
(A1) :

This Is free from Inverse matrix.
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minimal polynomial : square free

We consider only the pole of order 1. — P(«)
P(, )_—35 (IE — A)'dA

(A) and 7'(A1) : prime each other

1 14  a(A)z(1)+b(A)x'(1) =1
- —¢ w (A, 1)dA
27 Y% ()
_ 1- § a(A)z(A)+b(A)x'(A) (A 2)dA
27 (A) ? singularity

= § (j) b(A)w (A, 1)dA ,
“ 7(4) ~ ) bk = h(a)
=b(05j)w(A,aj) 2m % 7(X)
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minimal polynomial : square free

To compute fast ...

Theorem.

If a matrix A is diagonalizable then the
projection matrix P(A1) has the following
representation :

P(2) =b(A) w (A, 4) =Db(A) w(A 4).

We compute by using this theorem.
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minimal polynomial : square free

m(A) = P () p,(4)--- ps(4)
— \We can compute for each factor.

example : focus on p,(A) .
p1(x)_ pl(y)

X—y
h,(4) = p,(4)--- ps(4)

v, (X, Y) =



minimal polynomial : square free

P, ()N, (X)[7 P, (A)hy (4)

w(X,A) =
_ P09 = (AN (X) + P, (A)hy (¥) -~ p,(A)h, (4)

X—A
_ pl(x)_ pl(ﬂ“) h (X)+ hl(X)_hl(/l)
X— A ' X— A

p.(4)
hl (X) o h1 (i)

— y, (AN, (X) +

p, (1)
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minimal polynomial : square free

P(a,) —jﬁ (AE - A)dA
1 1
i AR
_ al(ﬂ“) pl(ﬂ’)-l_bl(ﬂ’) pll(i)hl(ﬂ‘) hl(A)_hl(ﬁ'E)
=4, (4 {wl(A,z>h1(A)+ T pl(z)}dz

: - Elgi; b, (), (A A)h, (A)d2

=D (04,)1//1(A a;)h(A)

P(1) =b,(A) w, (A 1), (A)

December 09

12



minimal polynomial : not square free

compute Laurent expansion of resolvent

at 4 = ¢ (I; : multiplicity)

P(aj) N i, D(aj)k

U8~ A) = T S

g (regular terms for A)
i kal\ AL —

We consider the poles of order 1 and 2 .
— P(%), D(&)
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minimal polynomial : not square free

preparation

Wesetp(a)=0,p(A)=UA-ax)g(1).
differentiate both terms at 4
p'(1)=9(4)+(1-a)g'(1)
p'(«) = 9(x)

repeat differentiation
p™(a) = mg™H(e)
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minimal polynomial : not square free

7 (A)=pA):
2§ (AE-A) ,1_—§ AGTORYIE
27 JA=a A=a 7[(1)
11
2= (A-a)' |
Taylor expansion
(x,4)

D) =c, +C,(A-a)+c,(A-a)’ +--

December 09
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minimal polynomial : not square free

w(x,/l): 1
p(4)’ (A a)

(/1 ) /a@— .\(regularterms for 1)
04 Ot A—a

the pole of order 2 the pole of order 1

(Co +¢,(A-a)+c,(A-a)’ +)

calculating c, ,, ¢,
— We can express
spectral decomposition.

December 09
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minimal polynomial : not square free

example : multiplicity | = 2—c¢,, c,

preparation
p™(@) = mg™H(a)

1
o) O

v a(d)p(d) +b(4)p'(4) =1, p(a) =0

December 09
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minimal polynomial : not square free

Z(()jl’)/g)=C0+C1(/1—a)+c2(/1—0€)2+'“ o (#)

substitute « for 4 In (#)

_ v (X a) _ v (X a) = (X, a)b(a)?

Co > >
g(x) p'(«)

differentiate both terms of (#) at 4

/

[w(x,l)j _ ' (X A)9(A) ~ 2w (%, A)9'(A)

g(1)° g(4)’
=c, +2¢,(A—a)+3c,(A—a) +-- - (##)
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minimal polynomial : not square free

substitute « for A in (##)

p"(a)
_y'(xa)g(a)-w(xa)|29'(a] _v'(Xa)p'(a) -y (x,a)p’(a)
g(a)’ p'(«)’
=(y'(x,@)p'(a) —w(x,a) p"(a)) b(a)®

Cy

C, =y (X, a)b(a)’
c, = ('(x, @) p'(@) —y(x,a)p"(a)) b(a)®

These are common expressions for eigenvalue c.
So we replace eigenvalue « with variable A.
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minimal polynomial : not square free

Because of p(a) =0, we set

¢y (%, ) =(w(x,A)b(4)*) mod p(2)
¢, (%, 2) = { (w'(x, A) p'(A) —w (X, 2) p"(2))b(A)° } mod p(A).

Co(A, A) : coefficient matrix of the pole of
order2atoy —— D(4)

c,(A, A) : coefficient matrix of the pole of
orderlatg — P(4)
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minimal polynomial : not square free

m(A) = pl(i)ll P, (ﬁ*)l2 ps(l)lS
— We can compute for each factor, too.

example : focus on p,(4) .

pl(x)ll o pl(y)ll
X—y

(1) = P, (A)" - P, (A)"

&1()(’ y) —

December 09
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minimal polynomial : not square free

! ﬂiXi ! ﬂiﬂi
p, ()" h, ()| p,(1)" h, (1)
X—A

w(X,A4) =

pl(x)l1 — pl(ﬁ)ll H’ (X) i hl(x) — hl(ﬂ“)
X—A ' X—A

= 7, (6 A () + O )

p, ()"




minimal polynomial : not square free

y(x4) 1 s h-h()
(A p(A)hy (z)%”l(x’ﬁ)hl(x)* X— ] W)}
L1 w4 h(x)+§~1 .ﬁl(x)—ﬁl(/l)g
p.(A)"  h(A) h() x4

singularity at 4 = «

We consider Laurent expansion of
the first term of right side at 1 = «.

matrix (substitute A for x)

multiply hl(A) after compute here
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minimal polynomial : not square free

We set p,(2) = (A - @) gy(2) .

ACY S S A )
p, (A" h(1)  (A-a)* |g,(A)"h (1)
r(4)

And we consider Taylor expansion of r,(4) .
L) =r(a)+r/(a)1-a)+ % (a)(A—-a)’ + % o)A -a)®+--

AQNAC) 1 1@, 1 @

- = et . + (regular terms for 1)
A-a)* (A-a)* L-2!'(A-a) (L-D)! A-c

the pole of order 2 the pole of order 1
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minimal polynomial : not square free

" (x,4) =1, (2) mod p, (1)
7 (x,4) = (2) mod p, (1)

Because of p,(«) =0,
It consists of r(a) =r(x,a), r(a)=r/(xa).

December 09
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minimal polynomial : not square free

Spectral decompositions at 1 = ¢,; are

as follows.
1 (1 -1)
Play) = (- )|h (AR T (Aay)
1 (1-2)
D(aki)_(l —2)'h (AR T (A )

P(e) , D(«) satisfy as follows.

3 SPe)|=€ . | epa) +Dla)] - A

December 09
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example

For
-4 5 -4 (1 0 0

A=|-3 3 3 |,E=|0 1 0|, fQ)=2
-1 -2 3 0 0 1

compute spectral decomposition.

b(A) = — = (247 — 3034 + 202)
60134

1 00 6 5 —4) (15
w(AD)=[0 1 042+|-3 1 3 |1+ 6
0 0 1 1 -2 1 9

December 09

—2)° +21+66,

-7 27
~16 24
-13 3
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example

output :

1424
909
1 317

—1509 1250

—731
572

P(A) = ——
60134| (-5267 3111
+|-2412 5512

—2925 3543

—849 |1°
—693

—8973

23556

—6678 |4 +| 1608

— 245

If you substitute «, g, y for 4,

you get the spectral decomposition.
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—2074 5982
16370 4452
—2362 20208




example

denominator

December 09

&7 Main - Asir2000

E=HAEE >

T74(F)

=|u

RE(E) FTor(V) W (H)

LS VR E et

17] spec? 304,F);
[ [ 1424 -

-731 -849 ]

load(™. . /funct iondspec? 3. rr7);
newnat (3,3,[[-4,5,-41,[-2,2,31,[-1

1 lo
4] A=
5 -4 ]
3

I_I—":'_A}-bn-l_l
el
L

] E wat (3,3, L01,0,01,00,1

I

—L M
N I N N Y (o
—

(]
1
(]
1 F=det (#E-A);

--JCOG'.-‘-D-:-—‘-:’J'I I

[0
[1
[ -
[ -
[
[
[
[
[
[1
E
[
[ 1509 1250 ]
[ 317 572 -693 1 [ -5267 3111 -8973 ]

[ -2412 5512 -B678 ]

[ -2925 3543 -245 ] [ 23506 -2074 5982 ]
[ 1608 16370 4452 ]

[ 1950 -2362 20208 1 1]

(18] |

,01,00,0,1

_—

-2,37170;

11;

ant matrix of A2

—

coefﬁ#:i

coefficient matrix of A

coeﬁi&i%-nt matrix of constant

e 29
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assignment

We are trying to make an algorithm to
compute efficiently minimal polynomial.

We want to combine it with spectral
decomposition algorithms.

We compute a column of spectral
decomposition and parallel computation.
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Thank you for your attention.
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